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Abstract 
Yu, Q., Classifying 2-extendable generalized Petersen graphs, Discrete Mathematics 103 (1992) 
209-220. 
A graph is said to be 2-extendable if any two edges which do not have a common vertex are 
contained in a l-factor of the graph. In this paper, we show that the generalized Petersen graph 
GP(n, k) is 2-extandable for all n # 2k or 3k whenever k 2 3, as conjectured by Cammack and 
Schrag. 
1. Introduction 
A l-factor, or perfect matching, of a graph G is a set of independent edges 
which together cover all the vertices of G. Moreover, a graph G is n-extendable if 
it is connected, contains a set of rz independent edges and every set of rr 
independent edges can be extended to a l-factor of G. The notion of 
n-extendability was first introduced by Plummer in [4]. In that paper he studied 
n-extendable graphs with particular emphasis on 2- and 3-extendable graphs. 
The generalized Petersen graph GP(n, k) (n > k) has vertex set U U V where 
u= {ug, u1, . . . ) u,-~} and V = {q,, ul,. . . , v,_~} and edge set {UiZ)i, u~u~+~, 
ViUi+k: i = 0, 1, . . . ) n - l}, where all subscript arithmetic is performed modulor 
rz. For convenience, we call the edge Uiui a spoke and the edge v~v~+~ a chord. In 
[l], Castagna and Prins proved that all the generalized Petersen graphs, except 
the Petersen graph itself, can be decomposed into l-factors. This result indicates 
that the generalized Petersen graphs are in some sense ‘l-factor rich’. One easily 
sees that GP(n, k) is 1-extendable. Schrag and Cammack [5,6] considered the 
2-extendability of GP(n, k), and gave necessary and sufficient conditions for the 
2-extendability of GP(n, k) when 1 6 k c 7. In [2], they conjectured that 
GP(n, k) is 2-extendable for all IZ # 2k or 3k whenever k 2 3. In this paper, we 
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shall prove this conjecture and hence classify the 2-extendable generalized 
Petersen graphs. 
For more information on n-extendability of graphs, the reader is referred to 
Lovasz and Plummer [3]. 
We conclude this introductory section by listing the results obtained by Schrag 
and Cammack [5,6]. 
Theorem 1.1 [5]. GP(n, 1) is 2-extendable if and only ifn is even. 
Theorem 1.2 [5]. GP(n, 2) is 2-extendable if and only if n # 4, 5, 6 or 8. 
Theorem 1.3 [5,6]. Zf 3 G k c 7, GP(n, k) is 2-extendable if and only if n # 2k or 
3k. 
Theorem 1.4 [6]. GP(n, k) is 2-extendable for all n and k such that n 2 3k + 5 and 
k 32. 
2. Proof of the main result 
In this section, we shall prove the following main result. 
Theorem 2.1. For k 2 3, the generalized Petersen graph GP(n, k) is 2-extendable 
if and only if n # 2k or 3k. 
The next result is easily deduced from the definition of a generalized Petersen 
graph. 
Theorem 2.2. For any positive integers It, k with n > k 2 3, 
(i) GP(n, k) = GP(n, n - k) 
(ii) GP(n, k) has a triangle if and only if n = 3k. 
Proof. (i) This follows directly from the definition of GP(n, k). 
(ii) Suppose n > k 2 3. If GP(n, k) has a triangle, then the triangle must occur 
on the vertices of V. Thus there exist r, s, and t with r < s s t so that v,v~,, v,v,, 
and v,v, are edges of GP(n, k). But s - r = t -s = r - t = k (mod n) and thus 
n = 3k. On the other hand, if n = 3k, then we have a triangle on the vertex set 
{u 0, vk, %k)- 0 
As a consequence of Theorem 2.2(i), we will henceforth assume n 2 2k. Next, 
we quote two results from Schrag and Cammack [5,6] as lemmas. 
Lemma 2.3 [5]. For all k 2 2, GP(2k, k) and GP(3k, k) are not 2-extendable. 
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Lemma 2.4 [6]. Zf k 2 4, then any pair of edges of GP(n, k), at least one of which 
is a spoke, can be extended to a l-factor. 
In order to prove Theorem 2.1, we need to show that for any two edges e,, e2 
of GP(n, k) (n # 2k or 3k) there exists a l-factor containing e, and e2. Depending 
on the location of e, and e2, we consider the following six cases: 
(1) Both e, and e2 are spokes. 
(2) e, is a chord and e2 is a spoke. 
(3) e, has both endpoints in U and e2 is a spoke. 
(4) Both e, and e2 are chords. 
(5) e, has both endpoints in U and e2 is a chord. 
(6) Both e, and e2 have their endpoints in U. 
From Lemma 2.4 and Theorem 1.3, we need only consider k 2 8 and the 
nonspoke cases (4), (5) and (6). In the proof of Theorem 2.1, we will study these 
cases separately and show that in each case we can always find a l-factor 
containing both e, and e2. For convenience, we introduce a lemma and some 
notation. Let S(n, k) denote the set of all spokes of GP(n, k). Given a chord 
vivi+k, we call the two chords ui-_1Vi-_l+k and Vi+lvi+l+k the neighbour chords of 
ViVi+k. We will denote by G[U] the induced subgraph of GP(n, k) with vertex set 
U. Likewise we define G[ V]. Thus G[ U] is an n-cycle and G[V] is a 2-regular 
graph (we suppose n f 2k). An even cycle C in GP(n, k) is called alternating if 
the edges of C appear alternatively in {UiVi: 0 s i s n - l} and {u+~+~, v~v~+~: 
OSiSn-1). 
Lemma 2.5. Consider the graph GP(n, k), n # 2k, 3k, and k z= 3. 
(i) If two edges e,, e2 of {uiui+l, vivi+k: 0~ i Sn - l} are in an alternating 
cycle, then there exists a l-factor in GP(n, k) containing e, and e2. 
(ii) Let C, and C2 be vertex-disjoint alternating cycles in GP(n, k). Zf e, E C, 
(i = 1, 2), then th ere exists a l-factor containing e, and e2. 
Proof. (i) Let C be an alternating cycle in GP(n, k). Then 
F = C - {~iVi: UiVi E C} U {S(n, k) - C) 
is a l-factor containing e, and e2. 
(ii) Let F,, 4 b e l-factors in Ci, C, which contain e,, e2 respectively. Then 
F=F,UF,U{S(n, k)-C1-CZ} 
is a l-factor containing e, and e2. 0 
We now turn to prove the main theorem. 
Proof of Theorem 2.1. By Lemma 2.3, we need only to show that if n # 2k or 3k, 
then for any two independent edges el, e2 in GP(n, k) we can find some l-factor 
212 Q. Yu 
containing them both. From Lemma 2.4 and Theorem 1.3, it suffices to consider 
k 2 8 and the nonspoke cases as follows: 
Case 1: Both e, and e2 are chords. 
Since e, and e2 are independent chords, we may assume that e, = uOuk and 
e2 = v~v~+~ where {0, k} n {i, i + k} = 0. Without loss of generality, we suppose 
that e, and e2 satisfy (a) n>i+k>i>k>O or (b) n>i+k>k>i>O. (Note 
that if i > k and i + k > n, we can relabel so that 2ri becomes v,, and then are in 
case(b).) 
Case 1.1: n>i+k>i>k>O. 
(1) If i=k+l and i+k=n-1, then n=Zk+2. In this case, we have an 
alternating cycle C = 21 0 k k v u u k+lVk+lVn-l&-l u v and by Lemma 2.5(i), we are 0 0 
done. 
(2) If i=k+l and i+k=n-2, then n = 2k + 3. Since ks8, we can 
construct a l-factor F containing e, = uouk and e2 = Uk+1u2k+1 as follows (see Fig. 
1): 
F= {e,, e2, 21 k 3 _ u 2k> Vk-2v2k-2> Uk-lU2k-1, vk+2v2k+2 > 
U {UjUj+l: j = k - 3, k - 1, k + 1,2k - 2, 2k, 2k + 2) 
U {S(n, k) - {Uj2/,: k - 3 si G k + 2 or 2k - 2 pi G n}}. 
(3) If i= k+2 and i+ k=n - 1, then n =2k+3 and by isomorphism, this 
case is exactly the same as (2). 
(4) If i = k + 1 and i + k <n - 2, then we obtain two disjoint alternating 
8-cycles C, and C2 with e, E Ci (i = 1, 2), where 
c,=uvvuu_v_v_u_u OOkkklklnlnlO 
and 
C2= UjViV’ l.4’ U- r+k r+k r+k+lv~+k+l~i+l~i+l~i~ 
Applying Lemma 2.5(ii) we are done. 
(5) If i > k + 2 and i + k = n - 1, then by isomorphism this case is exactly the 
same as (4). 
Fig. 1. 
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(6) If i>k+l and i+k<n-1, then we can use the spokes and the 
neighbour chords of e, and e2 to form a l-factor F which contains e, and e2. The 
l-factor F is as follows (see Fig. 2): 
F = {el, e2, ~,-~uk-~, ui-~ui-~+k} U {UiUj+l: i = k - 1, i - 1, i + k - 1, n - 
U {S(n, k) - {UjIJj: j = k - 1, k, i - 1, i, i - 1 + k, i + k, 12 - 1, 0)). 
Case1.2: n>i+k>k>i>O. 
(1) If i= 1, then F = {e,, e2} U {S(n, k) - {ujuj: j = 0, 1, k, k + l}} U 
{ UOul, ukuk+l } is a l-factor containing e, = VoVk and e2 = uiuk+i. 
(2) If i = 2, then as k 2 8, n 2 16 and there is at least one vertex between vi 
and vk. Thus we can use the spokes and the neighbour chords of e, and e2 to form 
a l-factor F containing e1 and e2 as follows (see Fig. 3): 
F = {v~v~+~: 0 sj s 3) U {S(n, k) - {ujvj: 0 s j s 3 or k s j s k + 3)) 
U {UjUj+l: i = 0, 2, k, k + 2). 
(3) If i 2 3, then there are at least two vertices of V between v. and vi. So we 
can find neighbour chords uluk+l and ui-_1ui-_l+k for e, and e2 respectively to 
Fig. 3. 
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Fig. 4. 
obtain two disjoint alternating 8-cycles 
cl=u u v v 0 1 1 k+lUk+lUkVkVOUO 
and 
Cz = Ui-~Ui2/ivi+kUi+kUj_l+kvi_l+kvi__l 
so that ei E Ci (i = 1, 2). Now applying Lemma 2S(ii) we are done. 
Case 2: e, lies in G[U] and e2 is a chord. 
AS before, we suppose el = uoul and e2 = ViVi+k Let So= {vo, v,}, S, = 
{vk, vk+l), $2 = {vn-k> vn-k+l) and D = {vOvk, vlvk+l, vovn-k, vlu,-k+l}* Then 
S, U & is a set of vertices which are adjacent to So in V, and D is a set of chords 
incident with So. Since n # 2k, then either ISi n S,l = 0 (see Fig. 4) or IS, fl $1 = 1 
(see Fig. 5). In the second case we must have n = 2k + 1. 
Case 2.1: e2 is one of D. 
If e2 = uouk or e2 = uiuk+i, then 
F= {el=uOul, VOvk, VIVk+lj ukuk+l }U{S(n,k)-{u,v,:j=O, l,k, k+l}} 
is a l-factor containing e, and e2. A similar l-factor is constructed if e2 = nlv,_k+l 
or e2 = u,,u,-k. 
uk+l 
Fig. 5. 
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Case 2.2: The endpoints of e2 are disjoint from S, U & 
(1) Suppose IS, n&,1= 0. If k = 3 and i = n - 1, then 
c=uuvv_u_u_v_vuuvvu Olln2n2nln1223300 
is an alternating cycle containing e, = uoul and e2 = v,__~v~. Otherwise, there 
exists a neighbour chord of e2 which has at most one endpoint in S1 U S2 and no 
endpoint in So. Suppose that v~+~v~+~+~ is such a neighbour chord (if it is 
v~_~v~+~-~ essentially the same procedure applies). Since S, n S2 = 0, one of S, 
and S, is disjoint from {vi+i, v~+~+~}, sayS,. Then 
F = {eI = uou 1, uk"k+l> VOvk, vlvk+l, ui”i+l, e2= ViVi+k, Vi+lvi+k+l, %+k&+k+l > 
U {S(n, k) - {UjVj: j = 0, 1, k, k + 1, i, i + 1, i + k, i + k + l}} 
is a suitable l-factor. 
(2) The case IS, n S21 = 1 is quite similar to (1). There exists a neighbour chord 
of e2 which has at most one endpoint in S, US,. We construct a l-factor 
containing e, and e2 by the same argument as (1). 
Case 2.3: The endpoints of e2 = vivi+k join exactly one of Sl U S,. 
(1) When &n&=0, we may assume n>n-k+l>n-k>k+l>k>l. 
By the symmetry of GP(n, k), we need only consider the following two cases: 
(a) ui+k = v,&+l(see Fig. 6) and 
(b) ui+k = v,-k (See Fig. 7). 
In case (a) since i 4 S,, n f 2k + 1 and k 3 8, there exists a neighbour chord d 
of e2 such that the endpoints of d do not intersect S, U So and we have a situation 
as in Case 2.2(l) and hence a l-factor containing e, and e2. 
For (b), consider the neighbour chord uj+k+lui+l of e2, if vi+1 $ S1, then we 
have the situation as above. If vi+1 E S1, then since vi 4 S1, vi+1 = vk. Since k 3 8, 
the neighbour chord uj+k-luj__l of e2 is disjoint from So U S, and we proceed as 
before. 
(2) Suppose now that IS, rl &I = 1, that is, n = 2k + 1. Since e2 has an endpoint 
in S, U S,, either e2 = u2vk+2 or e2 = ukuzk. By symmetry we assume e2 = v~v~+~. 
From k S 8, then d = u3vk+3 is a neighbour chord of e2 which has no endpoint in 
So U S, US,, so as before we are done. 
Ui+k 
Fig. 6. 
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k = Ui+k 
Fig. 7. 
Case 2.4: Both endpoints of e2 are in S, U &.. 
(1) For 1SinS.J =O, as G[V] has no triangle, either e2 = v~+~v,_~ or e2 = 
~v,-~+i (see Figs. 8 and 9). In both cases, we can find an alternating 12-cycle C 
containing e, and e2 as follows: 
For e2 = ZJ~+~V,,-~, 
c=uvvuu 0 0 k k k+lvk+lVn-kUn-kUn-k+l~n-k+l~l~l~O* 
For e2 = t&v,&+l, 
we now apply Lemma 2.5(i) to obtain a suitable l-factor. 
(2) If IS, fl&] = 1, then both endpoints of e2 lying in (S, U S.J - (S, 17 SJ 
implies k = 2; which is a contradiction. 
Case 3: Both el and e2 lie in G[U]. 
We may assume e, = uoul and e2 = UiUi+r, where 1 < i s n/2. Let S, = {vo, vi}, 
Si = {vk, vk+i}, & = {v,-k, u,-k+i), &= {Vi, ui+l> and q = {Vi+k, Vi+k+l}, and 
x = i - 2 = d,&ul, ui) - 1. Notice that So n To = 0 and S, rl Ti = 0. Except when 
i= [n/2] and k= [(n -2)/2] (’ m which case an alternating 8-cycle containing e, 
and e2 is easily found), if i <n/2 and k<n/2, then Soil T1=S2rl To=O. Now we 
consider S, tl To as follows. 
Fig. 8. 
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n-k 
Fig. 9. 
Case3.1: xskorxsk-4. 
Then S, fl To = 0. Thus we obtain two disjoint alternating cycles C1 and Cz: 
c,=u u u v 0 1 1 k+lUk+lUkVkVOUO~ 
Cz=UiU’ 21’ V. r+l r+l r+k+lUi+k+lUi+kVi+kViui- 
By Lemma 2S(ii), there is a l-factor containing e, and e2. 
Three values of x are unaccounted for and we consider each separately. 
Cuse3.2: k=x+l=i-1. 
Then I& II ToI = 1 and e2 = r&+&+2. 
(1) If I$ n TiI = 2, then u,_k = t&+l and n,-k+l = t&+2 (See Fig. 10). We now 
have an alternating cycle 
c=uuvv 0 1 1 k+l~k+l~k+2~k+2~2k+2~2k+2U2k+lv2k+lvOu0 
containing ei and e2 and hence by Lemma 2.5(i) we have the desired l-factor. 
(2) If IS, fl 7”I = 1, then, as G[V] has no triangle, t&+2 = u,-k (see Fig. 11). 
Thus n = 3k + 2. Since k 2 8, there are at least two vertices between t.~i and v~+~, 
between nk+2 and t&+l, and between &+3 and vo, respectively. So we have an 
: U2k+l 
= U2k+2 
Fig. 10. 
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!k+l 
Fig. 11. 
alternating cycle C containing e, and e2: 
c=uuvv 0 1 1 k+lUk+lUk+2Vk+2V2k+2U2k+2u2k~~v2k+~v3k+lu2k+l~3k~3k~2k~2k 
U2k-1V2k-lvk-1Uk-1UkvkvOuO~ 
By Lemma 2.5(i), we are done. 
(3) If IS2 fl TI = 0, then S, and Z” are disjoint. Since S, rl To = So n TI = 0 (so 
t&+2 = v. or t&+2 = v1 is impossible), we easily find two alternating g-cycles 
containing e, and e2, respectively. Applying Lemma 2S(ii) finishes the case. 
Case3.3: k=x+2=i. 
Then & = To and e2 = u,&+l. Now C = ~ovovk~k~k+lvk+lv1~~~g is an alternat- 
ing cycle containing e, and e2 and from Lemma 2.5(i), there is a l-factor 
containing e, and e2. 
Case3.4: k=x+3=i+l. 
Then I& rl ToI = 1 and e2 = uk-_I&. 
(1) If IS, n GI = 2, then v,_+ = vZk_l and v,++l = vzk (see Fig. 12). We obtain 
an alternating cycle C containing e, and e2: 
c=uuvv u u _v _v_u_uvvu 0112k 2k 2k 12k 1 k 1 k 1 k k 0 0. 
By Lemma 2.5, we are done for this case. 
Fig. 12. 
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uo 
Fig. 13. 
(2) If IS,fl KI = 1, then, as G[V] has no triangle, Q-~ = v,-&+~. Thus 
n = 3k - 2 and the following l-factor contains e, and e2 (see Figs. 13 and 14): 
If k is even 
F = {uk-2Vk-2, UOul, uk-luk, UZk-lU2k, vlvk+l, VOV2k-2~ Vk-lV2k-l~ VkV2k) 
U {S(n, k) - {UjVj: 0 ~j S 2k)) U {vjvj+k: 2 S j s k - 3) 
U {u~u~+~: j = 2, 4, . . . , k - 4, k + 1, k + 3, . . . , 2k - 3). 
If k is odd, 
U {S(n, k) - {UjVj: 0 S j c i + k}}. 
(3) The case IS, n 7”I = 0 follows exactly as Case 3.2(3) 
The proof is now complete. 0 
Fig. 14. 
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